We investigate the behavior of entanglement in the ground state of a doped one-dimensional lattice, where the particles interact via the quantum t-J model, which can be obtained from the Hubbard Hamiltonian with large onsite interactions. For different values of the electron concentration, the rich phase diagram exhibits both polynomial and exponential decay of bipartite quantum entanglement, with increasing lattice distance. This respectively characterizes the properties of the Luttinger liquid and the electron-hole phase separation regions of the phase diagram. Interestingly, at low electron concentration, where the spin-gap opens, the ground state turns out to be a long-ranged resonating valence bond gas. We observe that the phase diagram remains qualitatively unchanged even when additional next-nearest-neighbor spin couplings are introduced, though the phase boundaries are dependent on the relative strength between the nearest and next-nearest neighbor interactions, which the decay patterns of entanglement can capture. A key finding of the study relates to the genuine multipartite entanglement of the ground state of the model at low electron densities. We observe that for fixed values of the electron density, multipartite entanglement remains immutable under perturbative or sudden changes of system parameters, a phenomenon termed as adiabatic freezing. The phenomenon is absent in the anisotropic undoped limit of the system. It is to be noted that multipartite entanglement, in general, is sensitive to external perturbation, as observed in several systems, and hitherto, no freezing behavior has been reported.
I. INTRODUCTION
Over the years, a challenging task has been to explore how entanglement is distributed among the constituents of a manybody system and understand its effects on cooperative phenomena [1] [2] [3] . One of the primary motivations to investigate various quantum characteristics in many-body systems is to efficiently detect the critical boundaries corresponding to complex phase diagrams of many-body systems [4] [5] [6] [7] . Interestingly, in certain cases, quantum correlation measures such as entanglement [8] , have served as better indicators of quantum phase transition than conventional order parameters [2, [9] [10] [11] . For instance, it was observed that the constituents of the non-critical phases of many-body systems are, in general, less entangled with particles beyond their nearest neighbors (NN), and obey the area law of scaling of entanglement entropy [3, 12] , which provides useful information about their ground state properties [1, 2] and is closely related to its numerical simulability [13, 14] . Hence, study of quantum correlation may actually provide deeper insight about the underlying cooperative phenomena in these systems. Moreover, many-body systems are also important substrates for quantum communication [15, 16] and computation protocols [17] , and are thus key enablers for quantum technology.
In this work, we consider an one-dimensional (1D) lattice of quantum spin-1/2 particles doped with holes, where the particles are interacting via the t-J Hamiltonian [18] , with t representing a typical tunneling strength between two neighboring sites and J serving as the spin-spin interaction strength between particles in filled neighboring sites. There are two main results obtained in the paper. We find that the rate of decay of two-site ground state quantum entanglement with respect to increase in intersite distance can be used as an order parameter to identify the different phases of the model. Secondly, and perhaps more interestingly, we find that genuine multisite entanglement in the ground state can remain "frozen" (unchanged) with change in the J/t ratio for fixed values of the hole density, implying potential application in noise-resistant quantum technologies [19] .
The t − J model is widely used to study the physical properties of doped quantum spin systems, in particular for high-T c superconducting phases of strongly-correlated matter [20] . The minimum energy configuration of the t-J model exhibits a rich phase diagram in the J/t-n el plane [21, 22] , with n el being the electron concentration or density. In this regard, one of our primary motivations is to investigate how quantum correlations, especially bipartite and multipartite entanglement, behave in these different phases. We observe that for a low J/t ratio (J/t < 2), when the system is known to lie in the metallic phase, two-site entanglement, as quantified by the logarithmic negativity (LN) [24] , decays polynomially with the increase in lattice distance, r = |i − j|, between the lattice sites i and j. This essentially signals the dominating long-range character of spin correlations in the Luttinger liquid phase [25] , in contrast to exponential decay of correlations. Thereafter, at a certain J/t ratio (≈ 2.42), superconducting properties of the system begins to emerge and in this regime, ground state properties at low n el turns out to be significantly different than that at high electron density. At low n el , a spin gap opens and the system enters into the singletsuperconducting phase in contrast to the gapless region for higher values. We show that at low n el , the ground state is essentially a long-range resonating valence bond (RVB) gas [27] . This provides support in favor of studies of ground state properties of the t-J model based on the doped RVB state ansatz [28] [29] [30] . Subsequently, further increase of J/t ratio pushes the system into a region where electron-hole phase separation (PS) occurs [32] . In this region, the ground state consists of separate particle-rich and hole-rich domains in the lattice. Interestingly, in the PS phase, variation of two-site entanglement with increase in r is significantly different than that in the metallic phase. Here, LN decays exponentially and therefore signals short-ranged quantum correlations in this region. To better understand the duality between polynomial and exponential decay in the metallic and PS phases of the 1D t-J model, we study the effect of next-nearest neighbor (NNN) spin-spin interactions on the decay of entanglement. We find that the qualitative behavior of the decay of LN remains the same in the two phases, although LN starts decaying exponentially for smaller values of J/t, indicating a shift of the metallic-spin gapped phase boundary caused due to increase of attractive forces between electrons in presence of NNN interaction terms [33] . The decay of two-site entanglement is consistent with the phase structure of the 1D t-J Hamiltonian [21, 22, 33] .
A key finding of the present manuscript is the pattern of genuine multipartite entanglement in the ground state of the 1D t-J model, in particular at low electron densities. Using generalized geometric measure (GGM) [34] (cf. [35] ) as the measure of genuine multipartite entanglement, we investigate the variation of GGM across the J/t-n el phase space. Interestingly, for low fixed values of n el , we observe that GGM remains invariant under adiabatic changes of the J/t ratio. In other words, the genuine multipartite entanglement remains constant under perturbations of the system parameter, a phenomena reminiscent of the adiabatic freezing of quantum correlations [36] (cf. [37] [38] [39] ), where the aforementioned quantities are completely insensitive or frozen with respect to changes in system parameters [36] or decoherence [37] . It is important to note that no such adiabatic freezing of multipartite entanglement is observed in the undoped anisotropic 1D model [41] . Rather counterintuitively, it appears that the presence of impurities or defects (as modeled by the holes) in the spin chain acts as a vehicle for phases with frozen multipartite entanglement. The importance of the results lie in the fact that many-body systems with robust multipartite entanglement, which is not sensitive to perturbations in system parameters or environmental processes, are necessary for realizing quantum information-theoretic protocols such as measurement based quantum computation [17] , quantum communication protocols [15, 16] etc.
The paper is organized as follows. In Sec. II, we introduce the 1D t-J Hamiltonian for the doped quantum spin-1/2 chain, and describe the numerical approach used to find the exact ground states of the system. In Sec. III, we investigate the behavior of bipartite quantum entanglement in different regions of the phase diagram. In Sec. IV, we introduce the long-range resonating valence bond (RVB) as the potential ground state at low n el . We next discuss the effect of nextnearest-neighbor interaction in the t-J Hamiltonian in Sec. V. We study the adiabatic freezing of genuine multipartite entanglement in Sec. VI. We end with a discussion of the main results in Sec. VII.
II. THE MODEL
Consider an 1D lattice with N lattice sites, which is populated with N el (< N ) quantum spin-1/2 particles. Each lattice site contains at most one spin-1/2 particle. The rest of the lattice sites are vacant or contain holes. The "electron density" of the 1D lattice is given by n el (= N el /N ). In our study, we consider the t-J Hamiltonian as the structure that governs the interaction between the quantum particles in the doped lattice. The t-J Hamiltonian can be obtained perturbatively from the prominent Hubbard model in the limit of large on-site interaction [18] , and has been expressed in literature in the following form:
where c iσ (c † iσ ) is the fermionic annihilation (creation) operator of spin σ (= {↑, ↓}), acting on site i. P G is the Gutzwiller projector Π i (1 − n i↑ n i↓ ) which enforces at most single occupancy at each lattice site. S i = 1 2 σ i 's are the triad of spin operators {S x , S y , S z }, while t and J correspond to the transfer energy and the spin-exchange interaction energy terms, respectively. In Eq. (1), the transfer and exchange are limited to nearest-neighbor sites, and thus the sum is taken over all such sites, with periodic boundary condition assumed. The ground state phase diagram for the above 1D model has received widespread attention in the past years [21, 22, 33, 42] . In particular, the presence of three primary phases, namely the repulsive Luttinger liquid or metallic phase, attractive Luttinger liquid or superconducting phase, and the phase separation, have been predicted using exact diagonalization [21] . However, recent results, using density matrix renormalization group techniques, have also reported the presence of a larger spin gap phase at low n el [22, 43] . The metallic phase of the 1D t-J model gives rise to strong electronic interactions, which causes the spin correlation function, C(ρ ij ) = σ i σ j − σ i σ j , to decay polynomially. In contrast, the superconducting and spin gapped phases will lead to an exponential decay of correlations. An important part of our study is to establish that two-party entanglement, and the dichotomy of its decay, can capture the different ground state phases of the 1D t-J model, while providing newer insight into the ground state properties. However, the key aspect is to look at the behavior of multipartite quantum correlations in the system.
In our work, we use exact diagonalization to find the ground state of the system, for upto N = 24 lattice sites [45] . For the ground state of the doped spin chain corresponding to the t-J model, with holes and electrons, each lattice site can be mapped into a three-level system [31, 44] , say, {|0 , |1 , |2 }, where |0 represents the vacant site or hole, and {|1 , |2 } are two orthogonal states of the spin-1/2 particle or electron. The ground state of the N -site 1D doped spin lattice is then a vector in a 3 ⊗N -dimensional Hilbert space. Since the dimension of the Hilbert space increases exponentially with the increase of the lattice sites, even for moderate-sized systems, compu-tation of the ground state properties becomes extremely difficult. Moreover, we note that to calculate the two-site spin correlation functions or bipartite entanglement, one needs to estimate a two-site reduced density matrix on C 3 ⊗C 3 , and only a few entanglement measures are computable in that regime. As we observe, the different phases of the 1D t-J model are reliably prominent even for the moderate-sized systems considered in our work. In the following sections, we report the behavior of different bipartite and multipartite physical quantities characterizing the ground state of the system, as accessed through exact diagonalization, for different values of the J/t and electron concentration n el .
III. DECAY OF ENTANGLEMENT IN DIFFERENT PHASES OF THE 1D t-J MODEL
In this section, we focus on the behavior of two-site bipartite entanglement in the ground state of the 1D t-J model. In particular, we look at the decay of two-sites entanglement with increase in lattice distance, r = |i − j|, corresponding to different phases of the model in the J/t-n el plane. For completeness, we briefly introduce the bipartite entanglement measure under consideration in our work, namely the logarithmic negativity (LN).
Logarithmic negativity.-For a bipartite state ρ ij , shared between two sites i and j, its negativity N (ρ ij ) [23, 24] is defined as the absolute value of the sum of the negative eigenvalues of ρ 
Using this, one can now define the logarithmic negativity of a quantum state as
In the following segment, we will investigate how the decay of E with the lattice distance r, in the ground state of the 1D t-J model, can earmark the properties associated with the phase diagram of the system.
Decay of spin correlation functions with inter-site distance r, often signals the nature of correlation present in the system [4] [5] [6] [7] 46] . In general, for non-critical states of stronglycorrelated systems, quantum correlations are short-ranged and decay exponentially with the increase of lattice distance [26] , giving rise to celebrated properties such as the area law [3, 12] . However, departure from such a behavior may exist [47] . As discussed earlier, for low J/t value (≈ 2) in the J/t-n el phase diagram, the ground state remains in a metallic phase or a repulsive Luttinger liquid-like phase [25] . In the presence of strong electronic interactions, the spin correlation function decays polynomially rather than exponentially. In Fig. 1 , we plot the decay of bipartite entanglement, E(ρ ij ), with the lattice distance r = |i − j|, for different values of the J/t ratio, where we set N = 24 and n el = 0.1666. In the metallic phase (J/t < 3.0), the observations are as follows. The curves of ), where ξ is the characteristic length of the decay and where the constant C can be found from the best-fitted curve. In the inset, we additionally plot ln(E ) vs. r which also shows the exponential decay of E with r. Hence, in this region, ground state quantum correlations turn out to be short-ranged. The vertical axis in the main figure in ebits while the same in the inset is in ln(ebits). The horizontal axes are dimensionless. J/t is also dimensionless.
E(ρ ij ) with respect to r for different values of J/t almost coincides with each other. This highlights the fact that bipartite entanglement between any two sites of the lattice remains almost constant with respect to J/t. The decay with respect to r can be encapsulated as E ∼ 1/(Ar + B), where the numerically obtained values of A and B, from the best-fit curve, are given by A = 162.47 and B = 19.037 respectively. The decay is not only polynomial in this metallic phase, but it is the same polynomial for all J/t in this phase. Therefore, decay of E not only expectedly follows the properties of spin correlation functions but also provides more insight about the ground state. In particular, it highlights the fact that bipartite entanglement between any two sites of the lattice remains constant, with respect to J/t, in the metallic phase.
Subsequently, for high values of J/t (≈ 3), when the system enters into the phase separated region, the ground state of the system is likely to be a superposition of the terms where all the spin-1/2 particles form clusters, leaving electron-rich and hole-rich regions in the 1D lattice, leading to a distinctive phase separation. Consequently, in this region, spin correlation functions are likely to be short-ranged similar to undoped ground states of the Heisenberg Hamiltonian. In other words, for high J/t, an exponential decay of spin correlation func-tions is expected. From Fig. 1 , it is quite prominent that as the J/t ratio increases, the bipartite entanglement measure E(ρ ij ) exhibits an exponential decay with the increase of r, given by E ∼ C exp(−r/ξ), where ξ is the characteristic length of the decay. Again from the best-fit data, one can estimate the value of the constant C. As an example, for J/t = 3.6, the best-fitted plot yields C = 0.0236 and ξ = 0.5225. However, in contrast to the polynomial decay of entanglement in the metallic phase, the exponential decay rate is not constant for different values of J/t in the phase separated region. It is observed that the decay becomes steeper, so that entanglement vanishes quicker with r, with increase in J/t.
Therefore, it is clear that for a wide range of parameter space in the J/t-n el plane, like other conventional order parameters, such as energy, spin gap, compressibility, and spin correlation functions among several more [21, 22, 48] , faithful characterization of different phase properties can also be made using bipartite entanglement, and thus can be attributed as a potential indicator of phase transitions.
IV. LONG-RANGED RESONATING VALENCE BOND GROUND STATES: RVB GAS
In this section, we discuss the ground state properties of the 1D t-J Hamiltonian close to the superconducting phase of the model. In particular, at low electron densities, a finite spin gap opens up, which is in contrast to the behavior at the high density region at where the system remains gapless [22] . Interestingly, we will find that in the spin-gapped region, the ground state of the system essentially turns out to be longranged resonating valence bond state or the RVB gas [27] . Under this assumption, the ground state for low n el can be expressed as
where
is the singlet or dimer formed between spin-1/2 particles at spin-occupied sites 'i' and 'j', corresponding to the sublattices A and B respectively. The product is over all such non-overlapping dimers between N el /2 spin-occupied site pairs {i, j}. The state k |0 k represents the holes at N − N el vacant sites k. The summation corresponds to the superposition of all possible dimer coverings (C) on the lattice, each with relative weight r C .
The RVB gas description of the spin gap ground state of the 1D t-J model, at low electron density, has a remarkable significance, since it allows for the study related to the phase properties and beyond of the t-J model under the resonating valence bond ansatz [28] [29] [30] under suitable doping. One can, therefore, argue that there exist some parameter ranges for which the ground state of the t-J model indeed has RVB characteristics, and hence, even for moderate-sized systems, where exact diagonalization is not possible, the doped RVB ansatz opens up the possibility of investigating different properties of the t-J model [31] using tensor network or other approximate approaches [49] . Fig. 2 depicts the behavior of the fidelity, F = | φ g |ψ RV B |, between the ground state |φ g as estimated by exact diagonalization and the RVB state |ψ RV B proposed in Eq. (4), for low electron density, n el = 2/N . One observes that after a certain J/t (≈ 2.3), pertaining to the transition between the metallic and superconducting phases, the minimum energy configuration of the system is actually long-ranged RVB. Further observation shows that even if we increase the J/t ratio to a large value, the ground state still exhibits long-ranged RVB characteristics but the probability of formation of nearest-neighbor singlet pairing increases as compared to long-ranged pairs due to the formation of electron clusters. In principle, this leads to the formation of an RVB liquid state or NN dimer phase for high J/t. So far in all the cases we considered, we have restricted our study to Hamiltonians with nearest neighbor spin-spin interactions only. In the following section, we briefly discuss the effects of long-range interaction on the behavior of bipartite entanglement.
V. EFFECT OF NEXT-NEAREST NEIGHBOR INTERACTION
We study here the effect of introduction of additional nextneighbor spin interactions in the 1D t-J Hamiltonian described in Eq. (1). The modified form of the Hamiltonian of interest is given by
where J 1 and J 2 represent nearest and next-nearest neighbor spin-spin couplings, respectively. The other operators in Eq. (5) are the same as those defined in Eq. (1), with ij representing the next-nearest neighbor site pairs i and j. The model described above has also been predicted to have a rich phase diagram in the J/t-n el plane [33] which is qualitatively similar to that of the t-J model described in previous sections, apart from the fact that, in this case, the intermediate spin-gapped region is spread over a larger area in the J/t-n el plane than that observed for the nearest-neighbor t-J model. Hence the boundaries between metallic-spin gap phase and spin gap-phase separation phases are altered. In particular, for J 2 /J 1 = 0.5, at low electron concentrations, the electron pairs form a singlet bound state for J 1 /t > 4−2 √ 2 ≈ 1.172, which is smaller than that in the t-J model, where the corresponding J/t ≈ 2. Here we report that this fact is well captured by the decay of bipartite entanglement. We find that there is no qualitative change in the decay pattern of E(ρ ij ), apart from the fact that in this case, the exponential decay of E with the increase of lattice distance r is observed at smaller values of J/t, signaling a shift of the lower boundary of the spin-gap phase. Compare Figs. 1 and 3 . For instance, we considered J 2 /J 1 = 0.5, and obtained the decay pattern of E as depicted in Fig. 3 , for N = 24. Therefore, in this case, the next-nearest exchange term also contributes to the attractive force between the electrons, which causes a shift in the boundary towards smaller values of J/t. While in Fig. 3 , it is around 0.6 − 0.7, the same boundary was around 3 in Fig. 1 . Fig. 1 , apart from the fact that the system enters into the spin-gapped phase at a comparatively lower value of the J/t. In this case, E starts decaying exponentially at J/t ≈ 0.7. In the inset, we additionally plot ln(E ) vs. r which also provides support towards the exponential nature of the decay of bipartite entanglement with the site distance. All the plots are obtained using the best-fitted values. The units are the same as in Fig. 1 .
Until now we have limited our study to the behavior of bipartite entanglement in the different quantum phases, in the J/t-n el plane, which emerges in the ground states of the 1D t-J model. The observed decay properties of bipartite entanglement are in agreement with the broader picture presented in the literature using different order parameters. However, a study of multiparty entanglement properties may highlight more exciting aspects of the ground state by capturing additional features which bipartite entanglement fails to detect, as observed in certain models such as the XXZ spin chain [50] . Based on that spirit, in the succeeding section, we characterize the genuine multipartite entanglement in the ground state of the 1D t-J Hamiltonian, across different regions in the parameter space.
VI. ADIABATIC FREEZING OF MULTIPARTITE ENTANGLEMENT
To study the behavior of genuine multipartite entanglement in the different regions of the J/t-n el plane of the 1D t-J model (Eq. (1)), the measure we consider in our study is the generalized geometric measure (GGM) [34] (cf. [35] ), which we now define. Generalized geometric measure.-For an N -party pure quantum state |φ , the GGM is a computable measure of genuine multisite entanglement, which is formally defined as the optimized fidelity-based distance of the state from the set of all states that are not genuinely multiparty entangled. Mathematically, the GGM can be evaluated as
where λ max = max | ξ N |φ |, and |ξ N is an N -party nongenuinely multisite entangled quantum state and the maximization is performed over the set of all such states. The GGM can be effectively computed using the relation
where λ A:B is the maximum Schmidt coefficient in all possible bipartite splits A : B of the given state |φ . A complexity in computation of the multiparty entanglement measure G lies in the fact that the number of possible bipartitions increases exponentially with an increase of the lattice size. Therefore, we need to restrict ourselves to moderate-sized systems only, which in our case restricts us to N = 16.
We study the variation of GGM in the ground state of the 1D t-J model, with respect to system parameters t/J and n el , as depicted in Fig. 4 . (The exposition is in terms of t/J instead of J/t in this section, for ease of presentation). We observe that G increases linearly with n el , at low values of n el , for fixed t/J. It reaches a maximum at n el ≈ 0.6, thereafter decreasing with further increase in n el . This behavior is similar to the ground state properties of spin liquid phases in doped Heisenberg ladders [31] . However, there is an interesting phenomenon in the low electron density regime, i.e., n el 0.5. It is seen that for low n el , the genuine multisite entanglement (G) is insensitive to the parameter t/J (see inset of Fig. 4) . In other words, for a fixed n el , the GGM does not change At low electron density, viz. n el 0.5, G increases linearly, along the same line, with n el , and reaches its maximum value at n el ≈ 0.6. This feature remains invariant for any value of the t/J ratio. However at large n el , G becomes a function of system parameters and the feature -of increasing along the same line -obtained earlier, disappears. The inset shows that G is frozen with respect to change in t/J, for low n el . The vertical axes of the main plot as well as the inset are in ebits, while the corresponding horizontal axes are dimensionless.
with perturbative or sudden changes in t/J. However further increase of electron concentration n el diminishes such a feature and a clear dependence of G on system parameters can be seen. This behavior is the primary tenet of the phenomenon of adiabatic freezing of quantum correlations [36] , hitherto observed only in certain information-theoretic quantum correlations such as quantum discord [51] (cf. [40] ). The main underlying principle is that certain quantum systems allow for the presence of quantum correlations between its constituents that remain unchanged upon changing system parameters or external decay, thus allowing the desired quantum correlations to be frozen over adiabatic or temporal changes to the systems. We have identified a system, a 1D t − J model, in which we observe that the genuine multisite entanglement at low electron densities is frozen upon changes of the system parameter t/J. Note here that the profiles of the GGM in Fig.  4 is calculated by using a modified definition of the GGM, where only contiguous n sites versus the rest of the lattice, for n = 1, 2, 3, 4. Explicit calculations for N ≤ 10 shows that this is sufficient to calculate the GGM for these systems. Note also that this modified GGM is still a valid multiparty entanglement monotone.
Entanglement is an important resource in quantum information protocols [1, 2, 8] . However, in general, both bipartite and multipartite entanglement are fragile to decoherence [52] , and this is one of the main obstacles in realization of these protocols. Moreover, entanglement may also be highly sensitive to perturbative or sudden changes in system parameters and may fluctuate close to critical points, as observed during collapse and revival [53] and dynamical transitions of entanglement [54] . It was observed that certain quantum correlations, such as quantum discord, could exhibit freezing in the face of decoherence [39] , espousing a strong belief that this could lead to robust information protocols. However, entanglement, the workhorse of key quantum information protocols, rarely freezes under system parameter or temporal changes, including under decoherence. See [40] however. Our results show that doped quantum spin chains described by the 1D t-J model contain ground state phases that exhibit adiabatic freezing of genuine multisite entanglement. Moreover, the same model without the insertion of defects -in the form of doping -does not exhibit a similar freezing phenomenon [41] . It is the presence of defects in the quantum spin system that gives rise to the phenomenon of adiabatic freezing of multiparty entanglement. For applications in quantum information protocols, such as fault-tolerant [55] or one-way computation [17] , robustness of multisite entanglement over fluctuating system parameters can be a significant resource in achieving desired levels of stability.
VII. DISCUSSION
We considered an 1D lattice, populated by quantum spin-1/2 particles -at most one per site -together with holes in the remaining sites, where the particles interact via the t-J model. We first studied the behavior of bipartite entanglement in the different phases that emerge in the J/t-n el plane, where n el is the electron concentration in the lattice. We observed that for low values of the J/t ratio, bipartite entanglement, as quantified by logarithmic negativity, decays polynomially with the lattice distance r = [i − j|, signaling the strong electron-electron attraction of the Luttinger liquid phase. Moreover, in this phase, the decay of two-site entanglement with respect to inter-site distance remains fixed with respect to J/t. An increase of the J/t ratio pushes the system into the superconducting region, which has significantly different characteristics based on the electron concentration n el . Though a spin-gap opens at low values of n el , the high density regime remains gapless. We proposed and showed that a resonating valence bond gas state is a possible ground state in this spin-gapped region. Further increase of J/t causes phase separation between the highly dense electron-rich region and the sparse hole-rich region. In this region, bipartite entanglement is found to be short-ranged -indeed we found that it decays exponentially with the increase of lattice distance between the sites. As a possible generalization of the above scenario, we included next-nearest neighbor spin-spin interactions and studied the effects on the above findings. Though the minimum energy characteristics in the J/t-n el plane remains qualitatively similar, the boundaries between the intermediate superconducting phase are extended. As a result, in this case exponential decay of entanglement is observed at an even smaller value of J/t as compared to the situation of only nearest-neighbor interactions.
In order to have a more complete characterization of entanglement associated with the ground state of the system, in the second part of our work, we analyzed the genuine multiparty quantum entanglement G, on the J/t-n el plane. Surpris-ingly, we observed that the at low electron densities, genuine multipartite entanglement freezes with respect to variation in system parameters. The significance of this result is that no such adiabatic freezing phenomenon of multiparty entanglement (or other multiparty quantum correlations) has hitherto been observed. The robustness of the genuine multiparty entanglement in the system against losses due to perturbative or sudden changes in system parameters can potentially be crucial in realizations of certain quantum information protocols that rely on highly entangled multiparty ground states of many-body systems. 
